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Abstract. With the aid of the creation operators introduced in our previous 
works, we show how to construct a basis of the space of quasi-local operators for 
the homogeneous XXZ chain. 



1. Introduction 



The present note is a supplement to our previous papers PQ [3] on the fermionic 
structure in the XXZ model. Our aim here is to give a proof of the completeness 
statement announced in [3] concerning the fermionic basis of quasi-local operators. 
Q_i. The space of states of the XXZ model on the infinite lattice is formally the tensor 

product ®'jL_ 00 Vj, where Vj is a copy of the spin 1/2 evaluation module of {/^(sfe). 
Of interest is the expected values of local operators, i.e., those which act as identity 
on Vj for all but a finite number of j. A quasi- local operator X is one which acts 
on almost all Vj as 



> j q ^~^\ S(k) = \ £ a) 



j=-oo 

Here q a is a parameter and s G Z is the spin of X. In other words, X is quasi-local 
with spin s if 

O; (L1) x = q 2(a-s)S(0) 

where is local and [S'(oo), 0] = s 0. The space of all quasi-local operators ( 11. lft 
with spin s is denoted by wi a \ 

In [TJ [2] , we have introduced a set of linear operators 

(1.2) t;, bp, C p, b;, c ; ( P > 1), 

which act on = (B S £zWi a \ Among them, b p , c p annihilate the 'vacuum' q 2aS (°\ 
while the others can be used to create a family of elements of W^: 

(1.3) (tD% •••ttb* l ...b^ l .-.4 t ( ? 2 ^°)) 

(zi > • • • > i r > 2, ji > • • • > j s > 1, h > • • • > kt > 1, p 6 Z, r, s, t > 0) . 

The main result of [2] states that, at zero-temperature, the normalized expected 
values of the generating functions of (II. 3p can be described explicitly in terms of 
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determinants. This result has been generalized in [3] to the case of a non-zero tem- 
perature. In principle, one has therefore a complete knowledge about the expected 
value of an arbitrary quasi-local operator, provided that (II. 3p gives a basis of W^. 

Using the ( ant i-) commutation relations among (11.21) . it is fairly straightforward 
to show that the elements (II. 3p are linearly independent (see Corollary 12.21 below). 
Hence the issue is that of the completeness, i.e., whether ( 11.31) span the whole space 
W( a \ We show here that this is indeed the case. Our proof rests on the commutation 
relations whose proof is partly unfinished, so the completeness is settled modulo this 
point. 

The plan of the text is as follows. In Section [21 we give a summary of known 
facts about the operators (jl.2p . We also introduce an alternative set of creation 
operators b p , c*. While b*, c* enlarge the support of the operand to the right, b p , c* 
do the same but to the left. Using these operators, we construct in Section [3] a set 
of elements supported on a given interval, and show that they span the space of 
quasi-local operators. 

Throughout the text, q is a non-zero complex number. Except in Lemma [2.11 we 
assume that q is not a root of unity. We work over the base field C(q a ), q a being an 
indeterminate. 

2. Preliminaries 

In this section we recall the main features of the creation and annihilation oper- 
ators (11.21) . Their construction is rather involved and occupies a large part of [2]. 
Leaving the details to that paper, we give below a summary of their properties. 

2.1. Commutation relations. In the algebra generated by (11.21) . t* are central: 
(2.1) [t;,v] = ° M > !> x = t*,b,c,b*,c*). 

The rest of the operators obey the canonical anti-commutation relations 



(2.2) 


[bp, bp/ 


]+ = [bp, Cp,] + = [Cp,Cp, 


l+ = o, 


(2.3) 


[bp, b^ 


]+ = [ C p' C P']+ = ^P,p'l 


[bp,Cp,]+ = [c;,bp,]+ = 0, 


(2.4) 


[b*, b*, 


1+ = [bp, c*,]+ = [c* p , c* pl 


l+ = o. 



The relations (I2.ip - (I2.3I) are proved in [2]. At this writing, proof of the last set of 
relations (12.41) remains unavailable. In what follows we shall assume (12. 4p . 

2.2. Support property. For an element X G Wg , its support suppX is the 
minimal interval [k, m] outside which X coincides with g 2 ( a - s ) s ( fc - 1 ). We denote by 
(W( Q ))[fc im ] the subspace of consisting of elements X such that supp X C [k, m\. 
Sometimes we abuse the language and say that a local operator is supported on 
[k,m] if it acts as identity outside [A;, m]. The operators (II. 2p respect the support 
of the operand in the following sense. 
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The operators h p , c p preserve the support. More specifically, we have for any 

le(W' ft ') M 

(2.5) supp x p (X) C [k, m] (x = b, c), 

(2.6) x p (X)=0 iip>m-k + l (x = b,c). 

The second property justifies to call them annihilation operators. 

In contrast, the creation operators t*, b*, c* enlarge the support according to the 
rule 

(2.7) supp x;(X) C [k,m + p] (x* = t*, b*, c*). 
Notice that the support is enlarged only to the right. 

2.3. Independence of monomials. Among the operators t* t = t*/2 plays a 
special role: it is the translation to the right by one lattice unit. In particular (12. ip 
tells that all operators are translationally invariant. 
Separating t\ from the rest, we set 

oo 

K = (tir% + i, h*(c) = ^(c 2 -i) p h;. 

p=0 

Accodring to [2J, Subsection 3.4, h*(£) is given by the following formula. For X £ 

(W( Q )) [fcim] , we have 

(2-8) h*(C)(X) = lim R,Vi(C 2 ) ir,,-i(C 2 )(X). 

I— >00 

Here j(C 2 ) G End(Vj®Vj + i) denotes the adjoint action by the standard R matrix 
for the XXZ model. We have i (l) = 1. Moreover if supp(X) C [a, b] with either 
i > b or i < a - 1, then i 4 v +l i (C 2 )(A) = X holds. These properties of R^ +l i (C 2 ) 
ensure that each coefficient of the series appearing in the right hand side of (12. 8p 
stabilizes for large enough /. More precisely, we have for any p 

h*(C)(X) = IC p ,rn +P -l(C 2 ) K k -l(( 2 )(X) mod (C 2 - 1) P+1 . 

Consequently we have the support property 

(2.9) supph;(X) C [k-l,m + p\. 
Lemma 2.1. If q is generic, then the set of elements 

(2.10) (ht) mi (hD m2 ---(9 2QS(0) ) K%->0) 
is linearly independent. 

Proof. It is enough to show the assertion for a special value of the parameter q. We 
choose q = writing q a as y and q 2aS W as y 2S (°\ 

Following [T], let us introduce linear operators 

#± $± ■ W (q) ► W (a ), 
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by the formula 

(2.11) 9f{x)=i$x-{-iyxtf, 

(2-12) $}{X) = (rlfX - y^(-iyx^) , 



where X e Wi and 



They satisfy the canonical anti-commutation relations 

= 0, = 0, [Vj, = 5 jjk 6 , e+e ,, 

as well as the annihilation property 

9f(y 2a <®) = (j>0), 
$±(^(o) ) = (j < 0) 

Acting with the fermions , <3>^ over the vacuum y 2S (°'> we obtain a Fock space 
When g = \/—T, the i? matrix simplifies to 

where 

i-C 2 



i + C 



2 



Tel I (Jib uy * ,,,J ' ' K_L 

we obtain an identity of linear operators on £F 



Expressing the left and right multiplication operators by ip, in terms of and 



i, 4 (C a ) = exp (a J> + $| +1 )(*r - j 



A simple calculation using the definition (12.81) shows that as formal power series in 
z we have 

(2.13) h*(C) «f h^(C)- 1 = ! z + (1 - z 2 ) ^ z k ~ P , 

k>p 

(2.14) h*(C) tfj h*(C)- x = * + (1 - z 2 ) J] *f * fc " p • 

k>p 

The Fock vacuum expectation value of h*(£) is easily evaluated, with the result 

(2.15) (h*(C)) = l-^ 2 . 

The operator h*(C) is characterized by (12.131) . (12.141) and (12.151) . We thus find the 
expression on J 

(2.16) h*(0 = (1 - z 1 ) exp (j2 7CU " %)) , 
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where we used the standard bosonization formula 



which satisfies 

Uy 2S(0) )=o (u>o). 

Since the coefficients of the expansion of logh*(£) belong to the creation part of the 
Heisenberg algebra, the statement of Proposition is obvious. □ 

Corollary 2.2. The elements (11.31) are linearly independent. 

Proof. This is a direct consequence of Lemma 12.11 and the commutation relations 
fl2~TD and □ 

2.4. Another family of operators. In addition to b p , c p , we have considered in [2] 
another set of annihilation operators b p ,c p . They have the same support property 

suppXp(X) C [k,m] (x = b, c), 

x p (X) = if p > m — k + 1 (x = b, c), 

anti-commute with b p / , c p i and satisfy 

( 2 -!7) [b* p , bj,]+ = [c* p ,c p r] + = -t* p _ pl+1 . 

In fact, they can be expressed in terms of the operators (11.21) as follows (see [3], 
Corollary A. 2): 

(2.18) (tD-% = -]T h;,b p+p ,, (ti)-% = -J2 K c p+p'- 

p'>0 p'>0 

Due to (I2.6p . the sum in the right hand side is finite on each operand X e W^ a \ 
Even though these operators are not independent, we find it useful to take them 
into consideration. 

Let us introduce the creation counterpart to these operators. Define b p , c* (p > 1) 
inductively by 

p p 

(2.19) b; = ^h;_ p ,b;„ c ; = ^h;_ p ,c;,. 

p'=i p'=i 

We have then 

(2.20) [%, (tiy 1 b p ,] + = [c;, (tj)- 1 v]+ = -V • 

In the sequel we consider the generating series 

x(C) = $^(C 2 - 1)"% (x = b,c,b,c), 

P>1 

x*(0 = $^(c 2 - ir'x; (x* = b*, c *,b*,c*). 

P>1 
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Then we have the relations of formal series 

x(C) = -tJh*(C)x(C) mod(C 2 -l)°, 
x*(C) = h*(C)- 1 x*(C). 
Unlike b*, c*, they enlarge the support essentially to the left. 

Proposition 2.3. For any X £ CW^)[k, m ] we have 

(2.21) suppx;(X) C [k-p+l,m + l] (x* = b*,c*). 

Proof. It is known (see [2], Lemma 3.7) that h*(()(X) has an expression 

b*(C)(X) = lim RlUC) C +2 , m+ i(C 2 )(V(C)) 

I— >oo \ / 

for some F(C) e (W( Q )) [fc>m+1] . Using the formula 

I — >oo 

valid for any X' G fW' a ')^ im /], we obtain that 

b*(0(x) = hm I^cc 8 )- 1 i^-itCT 1 ^ + i lW (C 2 )- 1 fr(0) • 

By the same argument as for (|2.9p . this expression implies that the support property 
b* p (X) c[k-p + l,m + l] holds. 

The case of c* is entirely similar. □ 

Remark. To simplify the notation, in this paper we have modified the definition 
of the generating functions given in [2]. Denoting those in [2] by b}j(£), etc., the 
present definition is related to them as follows. 

b//(C) = r^ S (b + b(O), 

C//(C) = C +S (co + c(C)), 

b^(o = r +s+ V(o, 

c}j(0 = C a - s - 2 c*(C). 

□ 

3. A basis of (W(°)) [lin] 

The goal of this section is to construct a basis of (W* ))^™] for all intervals 
[k, m] using linear combinations of fll.3p . In view of the translational invariance we 
concentrate on the case [1 , n] . 

In order to verify the spanning property, one has to find sufficiently many oper- 
ators supported on [l,n]. In general the monomials (11.31) have too large support, 
and suitable linear combinations of them must be chosen. We do this in two steps. 
First we introduce certain elements Bj and show that their support is contained in 
[l,n]. We then construct general basis elements by applying to them annihilation 
operators which do not enlarge the support. 



"bp tip ) 



<j<l\ X i X j)i 
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3.1. Elements Bj. Let I be a non- negative integer satisfying n > I > 0. We define 
the numbers 

by the generating series 

Here x = • • • , x/), y = (j/i, • • • ,y t ), z = (z u • • • , z t ), A(x) = f[i<i 
and the sum is taken over all positive integers i p ,j p , k p (p — 1, ■ • • , /). 

When all sequences are decreasing (ii > - • • > £j, etc.), we identify them with 
subsets / = {ii, ■ ■• ,ii} C [l,n], etc., and write Cj K for (13. ip . We shall write |/| 
for the cardinality of I. In this case C JK coincides with the Littlewood- Richardson 
coefficient well-known in combinatorics (see [5], eq.(5.2)); in particular they are 
non-negative integers. The precise correspondence reads 

nl - r m 

where = (Ai, • • • , Aj) = {h - I, ■ • • , ij - 1). 

In what follows, for a subset / = {z 1; • • • , i{\ (i 1 > ■ ■ ■ > ij) of [1, n], we write 

X M = x n ' ' ' x i; 

for x = b, ■ • • , c*. 

Now we introduce a family of operators Bj indexed by J C [1, n]. Writing I = \J\ 
we define 

(3-3) Bj = T C J]K K • • • 4 • - • c\ • ■ • hl(q^) . 



I,K 



In the last line, the sum is taken over all subsets I,K C [1, n] with / = • • • , i;}, 
K = {ki, ■ ■ ■ , ki}, and c£ is placed at the i p -th slot. 
Since c* = 5 AiA1 , we have 

Bj = ±b* Cj cl^ A ( q ^) + ... 

where ■ • • stands for terms which do not contain ... n. 

Example. Let n = 4 and Z = 2. Suppressing q 2aS (°) we have 

£{3,4} = c^c^b^bi , 

£{2,4} = + c*c^b? , 

^{1,4} = c^b*b;c* + c*b*c*b* + c^b*b^ , 

£{2,3} = Kc* 2 cihi + c* 3 b;cihi + c ; c ;b* 2 bi , 

£{1,3} = b^b'cj + c^b^c* + b*c^c*b* + c*b^b* + c*b*c^b* + c*c;b;bt , 
£{1,2} = b^b*c*c* + b*c*b^c* + c*b*b^c* + b* 4 c* 3 c* 2 bl + c*b*c^b* + c*c*b^ . 
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These elements admit an alternative expression in terms of the other set of creation 
operators. 

Lemma 3.1. We have 

(3-4) Bj = J2°j,kK ■ -A ■ ■ A ■ ■ -h\{q 2am ) ■ 

I,K 

Proof. First we note that the definition (13. 3p can be written as 

Bj = TJa ( E C ^ c l b 'i • ' ' c *h h ii) B 9, 

n>ip, kp > 1 
1<P<1 



Actually the restriction n > i p , k p is irrelevant, since otherwise the corresponding 
term is zero. Extending the suffix of Bj by anti-symmetry, we consider their gener- 
ating series. Inserting 

<b„ = j ^§f*(0b(0(c 2 - iy\e - 1) 1 - 1 

and using (13.21) . we get 

pi j M 2m 2m M nua - - 

xc*(Ci)b(6)---c*(O)b(6)5 . 

Here we have set z p = {C^ — l) -1 , x p = ^ — 1, and the integral is taken along the 
contour encircling Q — — 1, \( p — 1| > |££ — 1|. Noting that 

^) =det ( ' 

and integrating over we find 
( 3 - 5 ) E " J! 



i<p,p'<z 



Aft/) ^ ^.-^11^ 

' JlfJi 'I P=l 
I At 2 I 



r dc 2 i 

= / n as n i - - 1) c * ( « bte) ■ -*<« b «<> B ' ■ 

On the other hand, we have 

c*(C)b(C) = -^(OCtD^bCC) mod (c 2 - 1)°, 

b;.--bt = b:-..b;. 

Noting further that [b*, (t^)~ 1 b p /] + = — 8 PtP /, we see from (13.51) that the definition 
(13.31) of Bj is unchanged if we interchange barred and unbarred operators. □ 
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Corollary 3.2. We have 

supp Bj C [1, n}. 

Proof. This follows from the two different expressions (13. 3p . (13. 41) and the support 
property i^M,^M- 

supp Bj C [1, oo) fl (— oo, n] = [1, n}. 

□ 

3.2. Construction of a basis. Consider the following set of elements of W^: 

(3.6) h M c N (Bj) (Jc[l,n],;M c[l,n-|J|], Nc[l,\J\}). 

As M, N, J vary there are altogether 4 n such elements. Due to Corollary 13. 2\ and 
since annihilation operators preserve the support, they are all supported in [1, n]. 

Example. We omit writing q 2aS (°\ For n = 2, we have 

5 = b^b*, 5(2} = c*b*, B {1} = b* 2 c{ + c* 2 b{, B {h2} = c* 2 c* v 

The elements H 3 . 6 1) give 

b* b* t*b* — t*b* t*b*- 
u 2> u l> L l u 2 L 2 U 1) L l u l) 

-i j_* j * /j_*\2 V»*r»* _1_ r»*V»*- 

l l) l 2' ' C l D l5 D 2 C 1 ~r C 2 D li 

C 25 C l' l l C 2 _ l 2 C l) l l C l) 

C 2 C 1 • 

The following is the main result of this note. 

Theorem 3.3. The elements (13. 6p constitute a basis of (W^)[ lin j. 

Proof. It is sufficient to show that the set (I3.6P is linearly independent. Suppose 
there is a linear relation 

^2 A M , NJ b M c N (Bj) = 

M,N,J 

with some scalars A M;N j. The sum is taken over J C [l,n], M C [1, n— |J|], 
iV C [1, | J\]. The left hand side is a linear combination of monomials containing 
I — | J| number of b* and t*. Hence the sum is separately zero for each fixed I. 

Fixing M C [l,n-l], N C [1,/], we apply b[ 1) ... )n _q\M C[i ) qyv to both sides. We 
obtain 

= ^M ,N ,J^{1,- ,n-l}C{l,... ,1} 

\J\=l 

x E ■ ■ ■ c^b; ■ ■ • K(g 2 ^°)). 
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In the second sum only the term with K = {1, • ■ • ,/} contributes. Noting that 
Cjs x ... n = 5 j j, we obtain 

= J> w det (h*,_ 6 ) 1<a)6<n _,(^^), 
j 

where ■ ■■ ,j^„;} denotes the complement of J = {ji, • • • ,j n } in By 
Lemma [27TI Schur functions in h*'s applied to q 2aS ^ are linearly independent. Hence 
we conclude that Am ,n ,J = f° r an J- This completes the proof. □ 
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